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Abstract 



(3JT) A weak bialgebra is known to be a special case of a bialgebroid. In this paper we study 

the relationship of this fact with the Tannaka theory of bialgebroids as developed in [4] . 
We obtain a Tannaka representation theorem with respect to a separable Frobenius fiber 
functor. 

In [2] Tannaka theory was developed with respect to a fiber functor with values in the 
category of two sided i?-bimodules. The reconstructed object in that case is a bialgebroid. 
We show that a separable Frobenius monoidal functor gives rise to a fiber functor of that 
form. The reconstructed object then is a bialgebroid with a separable Frobenius base monoid, 
which is the same as a weak bialgebra. This gives an alternative approach to [3j where the 
weak bialgebra was reconstructed directly from the separable Frobenius functor. 

Suppose that V is a braided monoidal category. Let ModV denote the bicategory of 
modules. Objects of ModV are the monoids S, R in V. The homcategory ModV(S,R) is the 
category of Eilenberg-Moore objects for a pseudomonad S (g) — <8> R- A 1-cell from S to R, 
depicted S — h>- R, is a module from S to R. A 1-cell from / to R is a right i?-module. 

By k we denote a commutative ring and by A; -Mod we denote the monoidal category of 
fc-modules. If V = A: -Mod then the monoidal bicategory of modules is denoted simply by Mod. 
00 The objects of Mod are /c-algebras and the 1-cells are the modules between ^-algebras. 

o 

Definition 1. (see [8]) A module M : S — R is called Cauchy if it has a left adjoint 
Tl M* :R -+». S in ModV. 

> 

X 

Theorem 2. A module M : S — R between k-algebras is Cauchy if and only if it is finitely 
generated and projective as a right R-module. 



There exists a characterization of Cauchy modules for the case V = k -Mod. 



Suppose that R is a fc-algebra. Let C be a monoidal category and F : C — *- Mod(i2, R) be 
a strong monoidal functor with image in the Cauchy modules. Let F r : C — >■ Mod(fc, R) be 
the functor obtained from F by forgetting the left action. Let (— )* : Mod(/c, R) — ^Mod(i?, k) 
be the functor taking the left adjoint. Consider the two variable functor 
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C° x C F ' XFl > Mod(fc, R) x Mod(/e, fl) ( V><1 > Mod(R, k) x Mod(fc, R)- 



-Mod(R,R). (1) 



Let L denote the coend of this. It was shown in [5J that L is a bialgebroid with base R. 
Moreover, for k a field, the following representation theorem was obtained. 

Theorem 3. (Phung Ho Hai ^j) Let C be a locally finite k-linear abelian monoidal category 
and let F : C — >■ Mod(i?, R) be a faithful, exact, strong monoidal functor with image in the 
Cauchy modules. Then there is a monoidal equivalence between C and the monoidal category 
of comodules over L. 

A fc-linear abelian category is locally finite if each of its horn vector spaces is finite di- 
mensional and each object has the composition series of finite length. For description of the 
monoidal category of comodules over a bialgebroid the reader may refer to [3J. 

Suppose that F : W — > V is a monoidal functor with structure maps 



<Px,Y ■ F(X)®F(Y)^F(X®Y), (f> Q :I- 
R = F(I) becomes a monoid in V with multiplication and unit: 



■F(I). 



(2) 



F(I) ® F(I) 



-F(I®I)^F(I), 



I^F(I). 



The functor F can be factored through the forgetful functor U : ModV(i?, R) 
in the diagram (see [7]): 



■V as shown 




ModV(i?, R) 



F takes an object X to F(X), which is a module R — M- R with left and right actions 

F(I) ® F(X) <t> '' X > F(I ®X)^ F(X) 

F(X) ® F(I) F{X <8> I) = 

Commutativity of the diagram 

Fpf) F(J) F(T) XF(X) <g> F(Y) ' > F(X ® y) 



(3) 
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induces a map ttx,y '■ F(X) ®r F(Y) — *-F(X ® 1"). The maps ttx,y make F into a normal 
(meaning that F(I) = I) monoidal functor. 

A functor F between monoidal categories is called Frobenius monoidal jB], pQ if it is 
equipped with a monoidal structure Q and an opmonoidal structure 



V>x,y : F(X ® Y) ■ — *-F(X) ® F(Y), Vo : F(I) 



which satisfy 



F(X ®Y)® F{Z) ^> F(X) ® F(Y) ® F(Z) 



FpT <g> Y <S> Z) 



F(X)®F{Y <8>Z) 



i<giV> 



F(X) ® F(y ® Z) — £■ ® F(F) ® F(Z) 



phi 



f(x <g> y <g> z) — 

A Frobenius monoidal functor is called separable if: 

F{X®Y) 



F{X®Y)®F(Z) 




F(X) <g> F(y) 



f(x ® y) 



Proposition 4. (see J?|/,) If F is a separable Frobenius monoidal functor then F is a strong 
monoidal functor. 

Proof. The diagram (|3j) is a split coequalizer by the morphisms 



F(X ® y) !->- F(y) F(A) F(y) ' ^ F(X) ® F( J) ® F{Y) 

It follows that the map ttx,y defining the monoidal structure on F is an isomorphism. □ 

A separable Frobenius monoid in V is an object R equipped with a monoid structure and 
a comonoid structure which satisfy the Frobenius condition: 
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and the separability condition: 




If F : W — *- V is a separable Frobenius monoidal functor then R = F(I) is a separable 
Frobenius monoid in V with the monoid structure coming from the monoidal structure of F 
and the comonoid structure coming from the opmonoidal structure on F. 

Proposition 5. Suppose that R is a separable Frobenius monoid. A module M : / — h>- R is 
Cauchy if the object M has a left dual in V. 

Proof. Let M* be the left dual to M in V with duality unit and counit 




M* becomes a module M — h>- 1 with action 



R M* 




Define a map n : I — > M (8>i? M* as the composite of the duality unit I — 5- M 8) M* with the 
canonical injection M ® M* — ^ M ® R M*. Define a map e : M* ® M — 5- i? by 
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M* M 




R 



The map e is a map in ModV(R, R). The following calculations show that it respects left and 
right /2-actions. 




M* : R — 1->- J is a left adjoint to M : I — h>- R in ModV with unit n and unit e. The 
triangle (or "snake") identities are established by the following calculations. 
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□ 

Combining Theorem [2] and Proposition [5] we get 

Proposition 6. A right module M over a separable Frobenius k-algebra R is finitely generated 
and projective as an R-module if it is finitely generated as a k-module. 

Now suppose that F : C — > k -Mod is a separable Frobenius monoidal functor from a 
monoidal category C to the category of fc-modules with image in the finitely generated pro- 
jective fc-modules. We get a separable Frobenius algebra R = F(I) and a strong monoidal 
functor F : C — *-Mod(i?, R). By Proposition [HJ F has its image in the subcategory of Cauchy 
modules. The functor (— )* takes the dual object in A; -Mod. Since R is a separable Frobenius 
algebra we have an equivalence 

Mod{R,R) ~ Comod(R,R). 

It follows that the forgetful functor U preserves colimits. Hence the coend L of ([!]) is computed 
as in A; -Mod. It can be seen that L is defined by the usual coend formula of the Tannaka 
construction (see [2]) applied to the functor F : C — *-A;-Mod: 



L= F(M)*® k F(M). 
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A bialgebroid with a separable Frobenius base algebra is the same as a weak bialgebra [5]. It 
follows that L is a weak bialgebra. 

As a formal consequence of Theorem [3] we obtain: 

Theorem 7. Let k be a field. Suppose that C is a locally finite k-linear abelian monoidal 
category and F : C — > k -Vect is a faithful, exact, separable Frobenius monoidal functor with 
image in the finite dimensional k-vector spaces. Then there exists a weak bialgebra L and a 
monoidal equivalence between C and the monoidal category of comodules over L. 

The monoidal category of comodules over the weak bialgebra L is defined by regarding L 
as a bialgebroid over a separable Frobenius algebra. 
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